Introduction
The servo-hydraulic actuator is a vital device that is largely used in experimental structural dynamics and structural control applications. The dynamics of the various actuator electromechanical/hydraulic components are complicated and nonlinear in nature. Furthermore, more challenges arise when trying to characterize the interactions between actuators and a structural specimen, even the dynamic coupling between multiple actuators attached to a single specimen.
A robust approach, based on a parameterized physical model, is proposed in this study to characterize the actuator dynamics. This robust modeling technique can represent both parametric and non-parametric uncertainties. Parametric sensitivity studies can thus be conducted to understand the actuator's dynamic properties with respect to key physical parameters. In the case of complicated physical phenomenon (e.g. multiple coupled actuators), when the parameterized model may not be adequate, non-parametric uncertainties can be introduced to formulate a robust data-based model. Important system properties such as stability limits and performance 3 Formerly, PhD candidate at Purdue University.
indices can be studied using the proposed approach, as long as the uncertainty lower and upper bounds can be characterized. Note the methodology can be extended to study virtually any dynamical system and thus is applicable for broader applications.
Several control design strategies are introduced for the motion control of the actuator. A model reference adaptive control (MRAC) approach is intended for plant with parametric uncertainties only. An H ∞ robust control approach can deal with the existence of both parametric and non-parametric uncertainties. Finally, the proposed modeling and control techniques are validated. Two actuator system parameters, i.e. the specimen stiffness and the proportional gain, are varied and tested experimentally to verify the parameter sensitivity analysis. The H ∞ controller demonstrates excellent tracking performance and strong robustness among all control strategies evaluated.
Modeling of actuator dynamics with uncertainties
A servo-hydraulic actuator is a type of electro-mechanical system that takes an electrical input and outputs a mechanical linear motion. It is widely used as the loading device in areas of experimental structural dynamics and structural control due to its high loading capacity and accuracy.
A parameterized dynamic model is proposed in [10] that considers the various servo-hydraulic actuation and control system components. In summary, the basic mechanism of a servo-hydraulic actuator is that the servo-valve receives a current input i c from the servo-controller that creates a spool valve displacement x v . For practical applications, the servo-valve dynamics are often simplified into a first-order system [2, 13] 
where k v is the valve gain and τ v is the servo-valve time constant. The spool opening enables controlled hydraulic flow Q L inside actuator chambers and further pressure differential P L . This pressure difference thus induces the actuator piston displacement x m . The nonlinear flow equation (2) is often linearized into equation (3) to facilitate the control design and frequency domain analysis procedure.
Here K q is the valve flow gain, K c is the valve flow-pressure gain, C d is the discharge coefficient, w is the spool valve area gradient, P s is the system supply pressure, and ρ is the fluid density. The continuity equation (4) governs the behavior of the actuator piston motion
where A p is the area of the piston, C l is the total leakage coefficient of the piston, V t is the total volume of the fluid under compression in both actuator chambers and β e is the effective bulk modulus. A proportional-integral-derivative (PID) controller is most commonly used to determine the commanded displacement x c . Only the proportional gain K p is considered in this study without loss of generality.
The force equilibrium needs to be satisfied and the equation of motion is:
where m t , c t , and k t are the mass, damping and stiffness of the piston plus the testing specimen.f represents general disturbance terms (e.g. friction). After some simple algebraic manipulation, the approximated LTI actuator model can be expressed in equation (7) where 
Note the physical actuator is essentially a nonlinear device that is governed by nonlinear differential equation (2) and disturbance term in equation (6) . Both parametric and nonparametric uncertainties can occur when using the linear system equation (7) to represent the actuator dynamics. Therefore, a robust modeling/analysis approach is proposed in this section to study the system performance and stability properties.
A Shore-Western 910D double-ended servo-hydraulic actuator is studied herein. The actuator has a maximum stroke of 6.5 in (16.51 cm) with a built-in concentric linear variable differential transformer (LVDT), to be readily used for a position feedback control system. A Schenck-Pegasus 162 M servo-valve rated for 15 gpm (56.8 l min −1 ) at 1000 psi (6.9 MPa) pressure drop is used to control the actuator. The servo-valve has a nominal operational frequency range of 0-60 Hz that is driven by a Schenck-Pegasus 5910 digital controller. An Omega load cell with a range of 2 kip (8.9 kN) is included in series with the test specimen to measure the restoring force when needed. A linear elastic steel compression spring specimen #1 has a nominal stiffness of 215 lb in −1 (37.6 kN m −1 ) and a maximum allowable deflection of 2.77 in (7 cm). The experimental setup is shown in figure 1 .
Nominal parameters for the above actuator system are identified and listed in table 1. A simulation-based parametric sensitivity study is later conducted to evaluate the sensitivity of actuator dynamics with respect to individual parameters.
As an illustration, a 50% normalized uncertainty bound is first assumed for the specimen mass parameter. The uncertain system realizations can assume any mass value between (1 ± 50%) · m t , either greater or less than the nominal value. The simulated transfer functions in figure 2(a) include the nominal realization (solid line) and samples of uncertain realizations (dashed lines). The worst case realization (dash-dot line) is defined herein as the transfer function with the maximum peak magnitude among all uncertain realizations, within the given uncertainty bound. This worst case realization can be evaluated using MATLAB's Robust Control Toolbox [8] .
Other parameters can be studied in a similar manner e.g. the stiffness (k t ) and the proportional gain (K p ) are studied in figures 2(b) and (c), respectively. Note all parameters assume an equal 50% normalized uncertainty bound.
For a given uncertainty bound, the maximum system gain (MSG) is defined as the peak magnitude of the worst case realization. MSG is a useful index to characterize the system property e.g. it approaches infinity when the system approaches its instability limit. The performance degradation curve (PDC) can thus be constructed for each uncertain parameter by plotting the MSG versus the corresponding normalized uncertainty bound. It is expected that PDC is a monotonic non-decreasing function as the uncertainty bound increases. The slope of the PDC curve measures the sensitivity of system dynamics with respect to the corresponding uncertain parameter. Figure 3 shows comparison of PDCs of the three parameters discussed above. Since all selected physical parameters can only take non-negative values, a low uncertainty bound of 5% nominal value is assumed. The high uncertainty bound is 1 + 175% nominal value. Note all PDCs start from the nominal system peak magnitude then grows as the assumed uncertainty increases. The analysis in figures 2 and 3 indicates that the actuator dynamics is rather insensitive to the stiffness variation, but quite sensitive to the proportional gain variation, considering the uncertainty bounds assumed above. Moreover, both increased mass and proportional gain result in a MSG increase. It is therefore advisable to select a less aggressive proportional gain when testing a massive specimen to avoid the loss of stability.
The parameter sensitivity study above is validated by varying the spring stiffness in section 4. Note the servohydraulic actuator PID control system is also called the inner-loop system in subsequent discussion. By treating the inner-loop system as the control plant, several outer-loop controller design strategies are implemented later to test their performance. Because the study above indicates the inner-loop system is sensitive to the proportional gain, another experimental study is performed to examine the outer-loop controller robustness. The inner-loop proportional gain is adjusted to different values besides the nominal value, to evaluate the outer-loop controller's ability in accommodating this variation.
Non-parametric uncertainties for a system realization can also be constructed [8] using a LTI system B(s). B(s) is a frequency domain envelope function that can characterize the frequency response uncertainty bounds (γ B ).
Equation (9) can then characterize all uncertain realizations, given the nominal system G nom (s) and the bound function B(s).
The combination of parametric and non-parametric uncertainties offers a powerful tool to analyze a complicated system. It can help predict the system performance, fine tune control parameters and avoid devastating experimental instability from happening that may cause significant structural and/or equipment damage. 
Actuator control strategies
The notation ( * ) here represents the complex conjugate transpose of a matrix. γ is a pre-specified tolerance level for the allowable uncertainty. Two algebraic Riccati equations are solved to obtain X and Z :
Intermediate terms are defined and calculated as
Finally, a unity-gain, low-pass filter F s (s) is proposed [5] in the feedback path to reduce the effect of measurement noise; and to further enhance the actuator tracking performance by compensating the actuator inherent phase lag.
Model reference adaptive control (MRAC)
A model reference adaptive control (MRAC) strategy is implemented to assess its performance in controlling actuator with parametric uncertainties. A schematic of the MRAC control design strategy is presented in figure 5 . The MRAC system is composed of four main components: a plant contains known system structure but unknown parameters; a reference model specifies the desired output of the control system; a feedback control law contains adjustable parameters; and an adaptation law to update these adjustable control parameters. The basic MRAC design philosophy is to match the closedloop system dynamics (from x d to x m ) with the reference system (from x d to x r ). Therefore the controlled plant output can follow the reference output, at least asymptotically. Note in this section we adopt the notation ' p' as the Laplace variable that is more widely accepted in the adaptive control literature. The purpose is to make a distinction with the standard variable 's' to avoid confusion due to the commonly mixed use of time and frequency domain notations e.g. in equation (17).
Researchers in the past [1, 7] have proposed to use MRAC formulations to control the motion of actuators. However, the plant assumption is limited to be a first-order transfer function system. Considerable challenges arise when trying to generalize the MRAC formulation to a higher order plant, especially when full state feedback measurements are not available. A generalized MRAC design [11, 12] is introduced herein when both the plant and the reference models take the general representation
where Z p , R p , Z r , and R r are monic Hurwitz polynomials of degree m, n, m r , and n r , respectively. If the plant parameters are known a priori, the basic principal of the MRAC control law design in equation (14) is to make the closed-loop system (from x d to x m ) match the dynamics of the reference system (from x d to x r ).
where
T is a 2n × 1 vector containing all controller parameters, and ω(t) = [x d (t) ω T 1 (t) ω T 2 (t) x m (t)] T contains the corresponding measurable signals. For a plant transfer function with a relative degree larger than one (i.e. n − m > 1), dynamic variables are needed in the control law synthesis to achieve a perfect system matchingω
where the total number of states is n − 1 and the system ( , h) is controllable. When the plant parameters have uncertainties, the control parameters are estimated online so that x m can follow x r asymptotically. Parameter estimation errors are determined online by subtracting the ideal parameters θ * from the estimated parameters θθ
The tracking error is related to the parameter error by the following equation
where k * = k r /k p . For generalized MRAC design, an augmented error needs to be defined
The adaptation law is obtained to update the controller parameters θ (t) as well as the parameter α(t), according to the following equationsθ
. It is observed that although the control law in equation (14) is linearly parameterized in terms of the controller parameters, the existence of the adaptation law in equation (19) makes the MRAC a nonlinear control design. The global convergence of the controller formulation is demonstrated in [11] , which is mathematically involved and is beyond the scope of this study.
The inverse controller
The inverse controller [3] assumes a simple delay model for the servo-actuator system. The actuator displacement response is assumed to be linear; this approximation can be held valid if the servo-controller is operated at a small time interval.
The inverse of this delay model is thus used for actuator delay compensation, which can be interpreted as time domain extrapolation of the desired displacements from two immediate preceding time steps. The transfer function of the inverse control strategy is expressed in the discrete-time domain as
where α inv is the delay constant that is defined as the ratio between the actuator delay and the controller execution time step.
The model-based controller
The model-based controller [2] is applicable to higher order transfer function system, which could extend the bandwidth of the actuator model. Since the direct inverse of the transfer function yields a non-causal system, a unity-gain low-pass filter is added in series to form a compensator with the expression
where np is the number of poles for the selected plant transfer function and p ,i are the plant poles on the complex plane, and α mb > 1 is the control parameter.
Experimental validation of performance and robustness
Several control strategies are evaluated experimentally to assess both their tracking performance and robustness. The same experimental setup in section 2 is adopted herein except the servo-controller is upgraded to a Shore-Western SC6000 unit. The identified actuator plant displacement transfer function is G(s) = 2.59 × 10 9 s 4 + 6.12 ×10 2 s 3 + 2.82 ×10 5 s 2 + 4.59 ×10 7 s + 2.60 ×10 9 .
The H ∞ controller is designed using MATLAB's Robust Control Toolbox [8] . The primary controller target loop shape is designed as
2.39 × 10 5 s 2 + 6.28 × 10 2 s + 3.95 × 10 3 .
A unity-gain, 2nd-order Butterworth low-pass filter F s (s) with a cutoff frequency of 50 Hz is applied in the feedback path for noise filtering and phase tracking improvement.
For the MRAC controller design, both the reference model and the plant are assumed to be 2nd-order transfer function systems. The reference model is chosen to maintain a flat unity amplitude response and a small phase lag within the performance frequency range. However, a trade-off is to have 
The plant model is obtained by curve-fitting the same experimental transfer function into a 2nd-order transfer function system as
The dynamic variables are selected as = −5, h = 1. Initial control parameters are calculated by solving algebraic equations that allow a perfect model match if the physical plant can be described perfectly by equation (25). However, because the physical actuator system has uncertainties, the control law in equation (14) and the adaptation law in equation (19) are implemented in SIMULINK to achieve asymptotic control performance.
The optimal control parameter for the inverse controller is α inv = 18 for this setup. The optimal parameter for the model-based controller is α mb = 16. These control parameter values are determined by testing different values on the real experimental setup. The one that shows best tracking performance is thus chosen as the optimal parameter.
A chirp displacement with a 0.3 in amplitude and a frequency bandwidth of 0-10 Hz is used to evaluate above discussed controllers. Figure 6 presents the comparison of tracking performance at the end of the 10 s input signal. Here x d is the desired displacement and x m is the measured displacement. The parenthesis in the legend marks the controller used in different test trial.
The normalized RMS tracking error is evaluated using equation (26) at each time step i of the whole response time histories. In summary, table 2 shows a direct comparison of the RMS tracking error using various discussed control strategies. It is observed that all outer-loop controllers can improve the tracking performance compared to the inner-loop PID controller only. The proportional gain used in the experimental study is tuned to have a modest step response i.e. a relative fast rise time before overshoot occurs. Both the H ∞ controller and the model-based controller achieve good tracking performance. Because the assumption of constant time delay is not quite applicable for this setup, the inverse controller shows less satisfactory performance. For the MRAC design, the tracking errors can be attributed to two main sources: (1) the error introduced by the reference model (x r to x d ) not being a perfect unity-gain, zero-phase system; (2) the error between the reference output x r and the physical actuator output x m .
Another experiment is conducted by replacing the original linear spring #1 (215 lb in −1 ) with a stiffer spring #2 (345 lb in −1 ). All original designed outer-loop controllers are evaluated using this new specimen and the tracking errors are presented in table 2. It is clear that all tracking errors are very comparable for the two springs with difference stiffness. This observation validates the sensitivity analysis in section 2, and demonstrates experimentally that the actuator dynamics are not sensitive to the specimen stiffness variation, within the tested uncertainty range. This observation shows promise for testing nonlinear structural members, where nonlinearity is largely associated with the structural stiffness variation. Note the physical behavior of the actuator and its interaction with the test specimen may change dramatically when the specimen stiffness approaches the actuator loading capacity, i.e. the existence of strong control structural interaction [4] . Therefore, a more comprehensive future validation experiment is recommended to test the actuator dynamics near this limit state.
The outer-loop controllers' robustness is evaluated through another series of test. The sensitivity analysis in section 2 indicates the actuator dynamics varies significantly when the inner-loop proportional gain varies. This gain is therefore changed from the nominal setting of 7 to various values between 5 and 9. Tests are repeated on spring #1 without identification or redesign the outer-loop controllers (i.e. the original controller is applied). All outer-loop control strategies are tested on the new systems for robustness and the tracking errors are compared in table 3. The model-based strategy depends heavily on the plant modeling accuracy, therefore the error increases when the gain is tuned either higher or lower than the nominal value. The plant model for both the inverse and the MRAC design use simplified formulations, which do not consider individual physical parameters explicitly, including the proportional gain. Therefore, the controller performance is not very sensitive to this parameter variation. The proposed H ∞ controller can achieve not only the best nominal performance, but also the strongest robustness to deal with the plant variation. Although the proportional gain does not change in a realistic implementation, some other parameters in equation (7) may vary during an online testing.
Other uncertainties may also appear since the servo-actuator is essentially a nonlinear system. Therefore, the modeling and control design approach discussed in this study provides a useful tool to understand the actuator behavior and improve the motion control for high performance structural dynamic testing.
The proposed H ∞ controller is also tested to conduct advanced real-time hybrid testing on a moment resisting steel frame specimen [5] , in which both the controller performance and robustness are demonstrated on a more complicated setup. Furthermore, successful tests are conducted on a challenge configuration of multiple actuators coupled dynamically [6] .
Conclusions
Robust modeling and control techniques are proposed for dynamic actuators to achieve high performance structural testing. In the absence of a reliable physics-based model, or if a parameterized model becomes too mathematically involved for practical control design, the proposed approach is promising to analyze a plant's essential dynamics and to perform effective control design in a systematic manner.
